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Abstract 

We deal with the gap equation in the BCS-Bogohubov theory of superconduc- 
tivity, where the gap function is a function of the temperature T only. We show 
that the squared gap function is of class on the closed interval [0, Tc]. Here, 
stands for the transition temperature. Furthermore, we show that the gap function 
is monotonically decreasing on [0, Tc] and obtain the behavior of the gap function 
at T = Tc- We mathematically point out some more properties of the gap function. 

I. INTRODUCTION 

Since the surprising discovery by Onnes that the electrical resistivity of mercury drops 
to zero below the temperature 4.2 K in 1911, the zero electrical resistivity is observed 
in many metals and alloys. Such a phenomenon is called superconductivity. In 1957 
Bardeen, Cooper and Schrieffer [T| proposed the highly successful quantum theory of 
superconductivity, called the BCS theory. In 1958 Bogoliubov [3] obtained the results 
similar to those in the BCS theory using the canonical transformation called the Bogoli- 
ubov transformation. The theory by Bardeen, Cooper, Schrieffer and Bogoliubov is called 
the BCS-Bogoliubov theory. 

As an experimental fact, it is observed that it takes a finite energy to excite a quasi 
particle from the superconducting ground state to an upper energy state. This energy 
gap is described in terms of the gap function and results from the existence of the electron 
pairs called the Cooper pairs. Let ks > and ud > stand for the Boltzmann constant 
and the Debye frequency, respectively. We denote Planck's constant by h (> 0) and set 
H = h/{2'7i). Let the temperature T satisfy < T < Tc, where Tc > is called the 
transition temperature (the critical temperature). Let m > and fi > stand for the 
electron mass and the chemical potential, respectively. Let G denote wave vector 
and set C,k = ^^|A;p/(2m) — fi. The gap function, denoted by Afe(T) (> 0), is a function 



both of the temperature T and of wave vector k E M.^. In the BCS-Bogohubov theory, 
the gap function satisfies the following nonlinear equation called the gap equation: 



2^ V(l + ^k'(Ty 2kBT ^ 

for < T < Tc. Here, k' G denotes wave vector and the potential Uk,k' is a function 
of k and k' satisfying Uk^k' < 0. In this connection, see [S] for a new gap equation of 
superconductivity. 

The sum in ([1]) is often replaced by an integral, and accordingly the gap equation is 
often regarded as a nonlinear integral equation. In such a situation, Odeh [6] and Billard 
and Fano p] established the existence and uniqueness of the positive solution to the gap 
equation in the case T = 0. In the case T > 0, Vansevenant [7] and Yang [9J determined 
the transition temperature and showed that there is a unique positive solution to the gap 
equation. Recently Hainzl, Hamza, Seiringer and Solovej [1], and Hainzl and Seiringer [5j 
proved that the existence of a positive solution to the gap equation is equivalent to the 
existence of a negative eigenvalue of a certain linear operator to show the existence of a 
transition temperature. 

Suppose that f/fc,fc' is given by (see [1]) 

f -Uq {\ik\ < f^D and \ik'\ < f^o), 

Uk,k' ^ \ , , s (2) 

[ (otherwise), 

where f/o > is a constant. Then Afc(T) depends only on the temperatur T when 
l^fcl < whereas Afc(T) = when \^k\ > fy^D- Let < Hud- Then ([T]) leads to 

Here the symbol k' {\ik'\ < ^d) stands for k' satisfying \^k'\ < and the gap function 
Afc(T) is denoted by A(T) simply because it does not depend on k when k satisfies 
\ik\ < fujJr,. Accordinly, in this case, the gap function A(T) becomes a function of the 
temperature T only. 

We now replace the sum in ([3]) by the following integral (see [1]): 



2 /FTApT 2*:Br ' 

where < T < T^, and A^o > stands for the density of states per unit energy at the 
Fermi surface. 

The gap equation of the form (jl]) as well as the hypothesis ([2]) is accepted widely in 
condensed matter physics (see e.g. [1] and [101 (11.45), p. 392]). In this paper we deal 
with the gap equation (jl]) to discuss smoothness of the squared gap function A(T)^ as 
well as its properties. We show that the squared gap function is of class on the closed 
interval [0, T^]. Furthermore, we show that the gap function is monotonically decreasing 
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on [0, Tc] and obtain the behavior of the gap function at T = Tc. We mathematically 
point out some more properties of the gap function. 

It is well known that superconductivity occurs at temperatures below the temperature 
Tc > called the transition temperature. Let us now define it. 

Definition 1 ([Ij). The transition temperature is the temperature > satisfying 



1 



nwn/i2kBT,) ^^^^ 



dr] . 



UqNo Jo V 
Remark 2. The equality in the definition above is rewritten as 

UoNn /•'"^^ 1 



tanh 



2kBT, 



which is obtained by setting A(T) = and T = Tc in 

The paper proceeds as follows. In section 2 we state our main results without proof. 
In sections 3 and 4 we study some properties of the function F defined by ([5]) below. In 
section 5, on the basis of this study, we prove our main results in a sequence of lemmas. 



II. MAIN RESULTS 

Let 



h{T, F, 



. /f2 _|_ y 

■tanh ^ ^, L (0<T<Tc, F > 0), 



2kBT 



(T = 0, r > 0) 



and set 



fUjJT 



FiT, Y) = / hiT, Y, jj .J 
Jo t^o^Vo 

We consider the function F on the following domain W (ZM."^: 

W = WiUW2UW3UW^, 



(5) 



where 



Wi = {(T, F) G : < T < Tc, < r < 2A2} 

W2 = {(0, r) G : < r < 2Ag} , 

Ws = {(T, 0) G : < T < Tc} , 

W4 = {(Tc, F) G : < y < 2A2} . 



Here, 



Ao 



sinh 



D 



UoNo 



(6) 
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Remark 3. The gap equation (jlj) is rewritten as F{T, Y) = 0, where Y corresponds to 
A(T)2. 

The following are our main results. 

Theorem 4. Let F be as in ^ and Aq as in Then there is a unique solution: 

T \-^Y = f{T) of class on the closed interval [0, Tc] to the gap equation F{T, Y) = 
such that the function f is monotonically decreasing on [0, Tc]; 

/(O) = > /(Ti) > /(Ts) > /(TJ = 0, 0<T^<T2<T,. 

Let g be given by 

{1 / 1 tanh?7 \ ( > 0) 

-| iv = 0). 

Note that g{ri) < 0, as is pointed out by Lemma IH] below. Let G be given by 

if tanhr] 



{3«(„) + 2^^) („>0). 
[ ?7 cosh rj ) 



G{v) ={ ' ' (8) 

16 , , 

15 = 
See Lemma [16] below for some properties of G. 

Proposition 5. Let f be as in Theorem^ Then the values of the derivative f at T = 
and at T = Tc are given as follows: 



g{7]) dr] 



Consequently, the behavior of f at T = Tc is given by 

.huJo/i'^kBTc) 



f{T) ^ -f{Tc) {Tc-T) = -8 kl ^;^^^/(2fc^Tj '"'^ " ' 

giv) dv 



Remark 6. The behavior of / similar to (Q was already obtained by a different method 
in the context of theoretical, condensed matter physics. However, Proposition Ogives the 
new form explicitly in the context of mathematics. 

Let be a function of ri and let r/ be a function of ^. Set 

I[<P{V)]= / md^- (10) 
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Proposition 7. Let f be as in Theorem^ and / [■] as in [W\) . Then the values of the 
second derivative f" at T = and at T = T^ are given as follows: 

no) = 0, 



16A;| 



riQ tanh rjQ — 1 
cosh^ rjo 



32 



cosh rjo 



tanh rjo 
r]o cosh^ r]o 



+8^ 



B 





1 




{■ 


cosh^ r/o 





Combining Theorem H] with Propositions [5] and [7] immediately imphes the following. 



Corollary 8. There is a unique gap function: T ^ A(T) = a/ fiT) on the closed interval 
[0, Tc] such that it is of class on the interval [0, ), and is monotonically decreasing 
on [0, Tc].- 

A(0) = Ao > A(Ti) > A(T2) > A(T,) = 0, < Ti < T2 < T, . 
Furthermore, A'(0) = A"(0) = and lim A'(T) = -00. 



III. THE FIRST-ORDER PARTIAL DERIVATIVES OF F 

In this section we deal with the first-order partial derivatives of the function F and 
show that F is of class onW . 

A straightforward calculation yields the following. 

Lemma 9. Let g he as in Then the function g is of class on [0, 00) and satisfies 

g{r]) < 0, ^'(0) = 0, lim g{r]) = lim g'{r]) = 0. 

dF dF 

Lemma 10. The values of the partial derivatives — — and — — exist at each point in 

dT dY 

Wi. 

Proof. Let (T, Y) G Wi. Then there is a (0 < < 1) satisfying OT^ < T < T^. 
Therefore, 



dh 



dT 



(T, Y, 



< 



2 ' 



dF 



where the right side is integrable on [0, tluiD]- Hence the value of exists at each point 
in Wi. Here, 



dF 



(T, Y) 



2kBT^ Jo cosher/ ' 



y^e + Y 
2kBT 



On the other hand, 



dh 
W 



Hence, by Lemma [H 



(T, Y, 



dh 



2 {2kBTf ' 



2kBT 



dV 



{T, Y, 



< 



max\g{ri)\ 

ri>0 



OF 



where the right side is also integrable on [0, fkuf)]. Hence the value of exists at each 
point in Wi. Here, 

OF 



dY 



(T, Y) 



2i2kBTf 7o 



(12) 
□ 



dF dF 

Lemma 11. The values of the partial derivatives — — and — — exist at each point in W . 

oT oY 

Proof. We show that the values of {dF/dT) and [dF/dY) exist at each point in W2- Let 
(0, Yq) e W2. Then 



< 



< 



hujj 



4k%T f^^° di 



1 — tanh 



^¥+Y^ 
2/cbT 



d^ 



and hence 



^0 Jo 
dF 



dT 



V^F+Yo 
(0, Yo) = 0. 



On the other hand, for Y > Yq/2, 

F(0, Y) - F(0, Yq) _ '''"^^ 
Y-Yo ~" 

Note that 



d^ 



Ve + Y./eTYo(^y^eTY + y^eTYo 

2(^2-1) 



^/e + Y./e + Yo[Ve + Y + y^eTYo 

where the right side is integrable on [0, hwu]. Therefore, 



< 



Y 



3/2 



dF 



(0, Yo) 



di 



hjjj 



D 



2 io {^e + Y,) 



2Yo^Wui + Yo ' 



(13) 
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Similarly we can show that those exist at each point in W3, and in W4,. Their values 
are given as follows: For (Tq, 0) G W3, 



dF 

dF 
W 

and for (T, , Yq) G W^, 
dF 



{To, 0) 
(To, 0) 



1 



fkOr 



S^bTq Jq cosh 
1 



2(2fcsro)3 Jo 



hijjj 



9 



dT 
dF 



(Tc,Fo) 



2 g 

2fcs7o 



1 

2{2kBT,)^ Jo 



cosh 



BY 

The result follows. 

Lemmas [9], [10] and [11] immediately give the following. 
Lemma 12. At each (T, F) G \ W2, 



9 ' 



□ 



dF 



(T, r) < 0, 



dF 



(T, F) < 0. 



dT^ ' ' ' (9F 
We now study the continuity of the functions F, (dF/dT) and (dF/dY) on W. 

dF dF 

Lemma 13. The partial derivatives and are continuous on Wi. Consequently, 
the function F is of class on Wi . 

Proof. It is enough to show that the functions: (T, Y) 1— )■ /i(T, Y) and (T, Y) hiT, Y) 
(see ([TT]) and (IT^ ) are continuous at (Tq, Yq) G VTi. Here, 



h{T, Y) 



,2 ' ^2(T,r) 
cosh rj 



(14) 



Set r^o 
To/2. Then 



■. Since (T, Y) G VTi is close to (Tq, Yq) e Wi, it follows that T > 



< 



2kBTo 

hiT, Y)-h{To,Yo)\ 
+ 



cosh rj coshr^o / cosh?] cosh 770 



cosh rj — cosh 770 



ksTo 

\I2iT, Y)-l2{To,Yo)\ 

< / \9iv) - 9iVo)\ 
Jo 



kBTo^/Yo 



< fiu}DT^a'X\g'{r])\ [ — —\T — To\ 



fPul + 2 A2 



ri>0 



ksTg 



\Y-Yo\ 
ksTo^/Yo 



Thus the functions: (T, Y) ^ /i(T, Y) and (T, Y) ^ hiT, F), and hence (dF/dT) and 
(dF/dY) are continuous at (Tq, Fq) e Wi. □ 

Lemma 14. T/ie function F is continuous on W . 

Proof. Note that F is continuous on Wi by Lemma fT3l We then show that F is continuous 
on W2. 

Let (0, Yo) e and let (T, F) G VTi U 1^2- Since (T, F) is close to (0, Fq), it follows 
that F > Fo/2. Then, by (ED, 



|F(T, F) - F(0, Fo: 



< 



/k^D 1 _ tanh 



2kBT 







+ 



1 



1 



< Hud i — 1= i I — tanh 



. 2|F-Fo| 



'Y 







2A;bT y (y2 + l)Fc 



3/2 



Thus F is continuous on W2- Similarly we can show the continuity of F on and on 
Wi. □ 

dF dF 

Lemma 15. The partial derivatives — — and — — are continuous on W . Consequently, 

01 oY 

the function F is of class on W . 

Proof. Note that (dF/dT) and (dF/dY) are continuous on Wi by Lemma [T3l We then 
show that (dF/dT) and (dF/dY) are continuous at (Tc , 0) G W3. We can show their 
continuity at other points in W similarly. 
Step 1. Let (T, Y) eW^. We show 

dF dF dF dF 

^(T,F)^^(T,,0), ^(^'^^^(TcO) as(T,F)^(T,,0). 



Since (T, F) is close to (T^ , 0), it then follows that TJ2 < T < T,. Set r/o = 
Then 



T^cosh^4^ ^c^cosh^llfc 



2kBT 

< < |T - Tc| (cosh T]o + ?7o sinh r^o) + sinh r^o 



and hence (dF/dT)(T, Y) - (dF/dT)(T^ , 0) ^ as (T, F) ^ (T^ , 0). 
Since 



2kBT 



, , /iWD T-Tc VF 
< max ^ r/ — — + — — 
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it follows that 



9 I ^J \-9 flTlV 1 we ^ as (T,y)^(T,,0), 



2A;ijT / V 2A;bT, 

and hence {dF/dY){T, Y) - {dF/dY){T, , 0) ^ as (T, F) ^ (T, , 0). 

Step 2. When (T, F) = (T, 0) G W^s and (T, F) = (T^ , F) G 1^4, an argument similar 
to that in Step 1 gives 

dF OF dF OF 

^iT,0)^^{T^,0), |^(T,0)^|^(r,,0) as (T, 0) ^ (T, , 0) 

and 

dF OF OF OF 

as (Tc , y) ^ (Tc , 0). The result follows. □ 



IV. THE SECOND-ORDER PARTIAL DERIVATIVES OF F 

In this section we deal with the second-order partial derivatives of the function F and 
show that F is of class on Wi. 

A straightforward calculation yields the following. 

Lemma 16. Let G be as in ^ and g as in Ij^. Then the function G is of class G^ on 
[0, oo) and satisfies 

g'{r]) = -r]G{r]), G'{0) = 0, lim G{7]) = lim G'{r]) = 0. 

rj—^oo rj—^oo 

d'^F d f OF 

Lemma 17. The values of the partial derivatives 



(9T2 ' BY \dT 

d f dF\ a^F , ... ^ , 

and — — - exist at each point m Wi . rurthermore, 



dT \dY J dY^ 

d fdF\ d f dF 



dY \dT or \dY 



on Wi . 



Proof Let (T, Y) E Wi. Then there is a ^ (0 < 9 < 1) satisfying OT^ < T < T^. Set 



, ^ -. Then 
2/cbT 

d 



dT \ cosh rj 



where the right side is integrable on [0, fiwD]- So, the function: (T, Y) H- Ii(T, Y) (see 
( fT4|) ). and hence (dF/dT) (see ( fTTj) ) is differentiable with respect to T on Wi, and the 
second-order partial derivative is given by 



dT^' ' ' ksT^ 1 ' ' Jo cosh% M' ' 2kBT 
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Similarly we can show that (dF/dT) is differentiable with respect to Y on Wi, that 
{OF /BY) is differentiable with respect to T on Wi, and that (dF/dY) is differentiable 
with respect to Y on Wi. The corresponding second-order partial derivatives are given 
as follows: 



dY \dTj' ' ' or \dYj' ' ' {2kBT)^T Jo cosher/ 
-(T, F) = -———— / Glr^jd^, r]- 



^ ' ' A{2kBTf Jq ' 2kBT ■ 

Here, G is that in Lemma [16] (see also (JH])). □ 

d^F d ( dF \ d'^F 
Lemma 18. The partial derivatives — — —, — — I — — ) and — — — are continuous on Wi. 

oT^ oY \oT J oY^ 

Consequently, F is of class on Wi. 

Proof. We show that {d'^F/dY'^) is continuous on Wi. Similarly we can show the conti- 
nuity of other second-order partial derivatives. 

By the form of {d'^F/dY'^) given in the proof of Lemma [T71 it suffices to show that 
the function: (T, Y) /3(T, Y) is continuous at (Tq , Yq) G Wi. Here, 

ru.n ^ ^/e + Y 



/3(T, Y) = / Giv) 
Jo 



2kBT 



Since (T, Y) is close to {Tq , Yq), it then follows that Tq/2 < T. A straightforward 
calculation then gives 



/3(r, Y)-h{TQ,Y, 



0) 



< fejBmax|G(r/)| — |T-To| + 

'?>o \ kBiQ kBT^^Y^ 

Hence the function: (T, F) i— )■ l^iT-, Y) is continuous at (Tq , Yq) G W\. □ 



V. PROOFS OF OUR MAIN RESULTS 

In this section we prove Theorem HJ Propositions |5] and [7] in a sequence of lemmas. 

Remark 19. One may prove the theorem and the propositions above on the basis of 
the implicit function theorem. In this case, an interior point (Tq, Iq) of the domain W 
satisfying F(To, Iq) = need to exist. But there are the two points (0, Aq) and (T^ , 0) 
in the boundary of W satisfying 

F(0, Ag) = F(r,,0)=0. (15) 

So one can not apply the implicit function theorem in its present form. 

Lemma 20. There is a unique solution: T i— )■ F = f{T) to the gap equation F{T, Y) = 
such that the function f is continuous on the closed interval [0, T^] and satisfies /(O) = Aq 
and f{T,) = 0. 
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Proof. By Lemmas [T2| [T5] and (fTSll . the function: y i— i- F{Tc, Y) is monotonically de- 
creasing and there is a Fi (0 < Yi < 2Aq) satisfying F(Tc , Yi) < 0. Note that Yi is 
arbitrary as long as < Yi < 2Ag. Hence, by Lemma [T5l there is a Ti (0 < Ti < Tc) 
satisfying F(Ti , ^i) < 0. Hence, F(T, Yi) < for Ti < T < T^. On the other hand, 
by Lemmas fT2l [TSl and (|T5l) . the function: T i— )■ -F(T, 0) is monotonically decreasing and 
there is a T2 (0 < T2 < T^) satisfying -F(T2 , 0) > 0. Note that T2 is arbitrary as long 
as < T2 < Te. Hence, F(T, 0) > for T2 < T < T^. 

Let max(Ti , T2) < T < and fix T. It then follows from Lemmas [12] and [15] that 
the function: Y F{T, Y) with T fixed is monotonically decreasing on [0, Yi]. Since 
F(T, 0) > and F(T, Yi) < 0, there is a unique F (0 < F < Yi) satisfying F(T, F) = 0. 
When T = Tc, there is a unique value F = satisfying F(Tc , F) = (see (fT5|) ). 

Since F is continuous on FT by Lemma [TS] there is a unique solution: T 1— F = /(T) 
to the gap equation F(T, F) = such that / is continuous on [max(Ti , T2), T^] and 
f{Tc) = 0. 

Since {dF/dY){0, F) < (0 < F < 2A2) by there is a unique value F = 
satisfying F{0, F) = 0. Combining Lemma [15] with Lemma [T2] therefore implies that the 
function / is continuous on [0, Tc] and that /(O) = Aq and f(Tc) =0. □ 

Lemma 21. The function f given by LemmaW^is of class on [0, T^, and the derivative 
f satisfies 



/'(o) = 0, /'(T,; 



cosh ^ 



9(0 



Proof. Lemmas [TOl [HI [12] and [15] immediately imply that the function / is of class on 
the interval [0, T^] and that its derivative is given by 

Ft{T, /(T)) 



f'{T) 



(16) 
□ 



Fy{T, /(T)) • 
The values of /'(O) and f'{Tc) are derived from ([TB]) . 

Combining ( IT6l) with Lemma [12] immediately yields the following. 

Lemma 22. T/ie function f given by Lemma\2^ is monotonically decreasing on [0, T^: 

/(O) = A^ > /(Ti) > /(T2) > /(Tc) = 0, < Ti < T2 < Tc 

Lemma 23. Let f be as in LemmaW^ and I [■] as in [W\) . Then the function f is of class 
C"^ on [0, Tc], and the second derivative f" satisfies /"(O) = and 

f'iTc) 



IQkl 



r]Q tanh r]Q — 1 
cosh^ r]Q 



I[9{Vo 



+8e 



1 



cosh r]Q 



32 



cosh rjQ 



tanh r]o 
r]o cosh^ T]o 



{I[9{Vo)]V 

e 



B 



{n9{vo)]y 



2knT 
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Proof. Lemma [T8] implies that / is of class on the open interval (0, Tc) and that 

f"{T) = + 2FryFTFy - FyyF^ ^ 0<T<T,. (17) 



T?3 

^y 



So we have only to deal with / and its derivatives at T = and at T = T^. 

Step 1. We show that /' is different iable at T = and that /" is continuous at T = 0. 
Note that /'(O) = by Lemma [HI Since T is close to T = 0, the inequality f{T) > 
/2 holds. It then follows from ([IS]), ([II]) and ([12]) that 



/'(T) - /'(O) 



T 



n?ul + 2Al exp 



< 4' 



keT^ ^tanh?7i - 



cosh rji 







(t;o). 



Here, rji = — — ^ > oo asT|0 {0 < < tkuo)- Hence /' is differentiable 

at T = and /"(O) = 0. 

By f[T7]) . a similar argument gives lim/"(T) = 0. Hence /" is continuous at T = 0. 

Step 2. We show that /' is differentiable at T = Tc and that /" is continuous at 
T = T,. 

Note that 

1 



/'(T,) = 8 4T, 



cosh ?7o 



by Lemma [211 It follows from ([I6]), ([II]) and ([12]) that 



^0 



/'(T) = 8 4T. 



1 



cosh ?7 



2kBT 



Hence 



Te-T 



8 4 



+ 



1 



cosh r]Q 



+ 



8k%T ^ 



1 



cosh r]o 



{i[9iv)]-i[9im)]} 



T,-T 



I[9{Vo)]I[9{v)[ 



n9{vo)]{i 


1 


-/ 


1 


} 


cosh'^ 770 


cosh"^ rj 




I[9{Vo)]I 


9{v)\ 





Note that g{ri) — girjo) = {j] — Vo)9'iVi) cosh 77 — cosh 770 = (?7 — rjo) sinhr72. Here, 



^0 



<rii <ri= ■ 



2kBT, 



2kBT 



1, 2 



12 



and 



f{T) 



Since T is close to Tc, the inequality T > Tc/2 holds. Therefore, by Lemma [T6| 



< 



1 



max 1^(77)1 



and 



sinh 772 



< 



1 



max 



ksTc o<'n<M 



sinhr] 



M 



So /' is differentiable at T = T^, and it is easy to see that the form of f"{T^ is exactly 
the same as that mentioned just above. 

Furthermore, it follows from f|T7|) that /" is continuous at T = T^. □ 
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